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ABSTRACT. We prove the following localization for compactness of Hankel oper- 
ators on Bergman spaces. Assume that O is a bounded pseudoconvex domain in 
C", p is a boundary point of Q, and B(p,r) is a ball centered at p with radius r 
so that If = n n B(p,r) is connected. We show that if the Hankel operator 
with symbol cp € C 1 (D) is compact on A 2 (Cl) then fij^.^ is compact on A 2 (U) 

where R\j denotes the restriction operator on U, and A 2 (CI) and A 2 (If) denote the 
Bergman spaces on O and U, respectively. 



Let V be a domain in C w and A 2 {V) denote the Bergman space on V, the space of 
square integrable holomorphic functions on V with respect to the Lebesgue mea- 
sure dX in C". Let P v denote the Bergman projection, the orthogonal projection 
from L 2 (V) onto A 2 (V). The Hankel operator, HY, with symbol <p e L°°(y) is 

defined as H%(f) =<pf - P v {<pf) for / £ A 2 {V). 

A Hankel operator is the commutator [Ms, P v ] of a multiplication operator with 
the Bergman projection. Such commutators play important roles in some problems 
in several complex variables (see, for example, HCD97I1 ). 

Compactness is an important concept in analysis. In this paper, we are interested 
in the localization of compactness of Hankel operators. More precisely, we are 
interested in the following question: 

Let Clbe a bounded pseudoconvex domain in C n ,cp G L°°(Q), and p G bCl where bCl 
denotes the boundary ofCl. Assume that U = CinB(p,r) is connected, Ru denotes the 
restriction onto U, and is compact on A 2 (Q). 7s compact on A 2 (U)? 

We are not able to answer the question in general. Using the 3-Neumann oper- 
ator, we show that the answer is yes when the symbol is C 1 on the closure of the 
domain. For more information about the 3-Neumann problem see HCSOll IStrlOl 



and consult HZhu07B about the theory of Hankel operators on domains in C. 

It would be interesting to know if Theorem [T] below is still true without the C 1 
differentiability requirement. We note that in dimension one, regularity of the sym- 
bol can be relaxed. For example, one can choose the symbol to be continuous up to 
the boundary (see Proposition [T]below). However, in that case localization is triv- 
ial as compactness is not due to localization. The following proposition is probably 
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known, although we cannot provide a reference. We therefore include a proof that 
was suggested in UStrllB . 

Proposition 1. Let O be abounded domain in C and (p £ C(O). TTzen theHankel operator 
H^p is compact on A 2 (Q). 

The main result of this paper is the following theorem. 

Theorem 1. Let Clbe a bounded pseudoconvex domain in C", p £ bCl, and B(p,r) be a 
ball centered at p with radius r > so that U = CinB(p,r) is connected. Assume that 
cp £ C 1 (G) and is compact on A 2 (Cl). Then H^., is compact on A 2 (U). 

We note that in the theorem above no regularity of bCl is assumed. That is, the 
boundary of Q may be very irregular. Also cp £ C 1 (Q) means that the function (p 
and all of its first partial derivatives have continuous extensions up to the bound- 
ary. 

Localization is an important technique in analysis. So we believe that such re- 
sults can be useful in studying compactne ss of H ankel operators in connection to 

, I v I 

boundary geometry (see, for example, ]CSJ|C$09[ ). This particular localization can 
be useful in the following way: when one studies compactness of Hankel oper- 
ators in relation to the boundary geometry of a smooth bounded pseudoconvex 
domain, usually a local holomorphic change of coordinates is needed to simplify 
the boundary geometry while preserving the compactness of the operator. Theo- 
rem[l]guarantees that this is possible when the local domain is an intersection with 
a ball and the symbol is sufficiently regular. 

The converse of Theorem [T] is known to be true (see, for example, ii. in Proposi- 
tion 1 in |C§09[). Hence we have the following corollary. 

Corollary 1. Let Clbe a bounded pseudoconvex domain in C 1l ,(p £ C 1 (Q), and B(q,r) 
denote a ball centered at q £ bCl with radius r > 0. 

i. If U = CinB(p,r) is connected for some p £ bCl, r > 0, and is compact on 
A 2 (Ci) then is compact on A 2 (U). 

ii. Assume that for any p £ bCl there exists r > such that U = Q Pi B(p,r) is 
connected and ^ is compact on A 2 (U). Then is compact on A 2 (Cl). 

Remark 1. The proof of Theorem [T] shows that the localization of compactness of 
Hankel operators is still true on the intersection of the domain Q with strongly 
pseudoconvex domains. Whether Theorem [TJ holds on the intersection of O with 
domains with compact 9-Neumann operator is still open. However, it may not 
hold on the intersection of O with a general pseudoconvex domain. For example, 
let U = O n V where V is a smooth bounded convex domain and bV HCl contains 
a nontrivial analytic disc D, and (p £ C°°(n) such that (p = on bCl and (p o ft is 
not holomorphic for some holomorphic mapping B : {z £ C : |z| < 1} —> D. 
Then one can use the facts that the product operator M^, : A 2 (Cl) —} L 2 (Q) is 
compact and the Hankel operator is a composition of the projection on the 
orthogonal complement of the Bergman space with to show that is com- 
pact. Moreover, since (p o B is not holomorphic for some holomorphic mapping 
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|S:{zeC:|z|<l}-)>D Theorem 2 in |c§09| implies that is not com 



pact (even though, |C§09 Theorem 2] is stated for smooth domains its proof is still 
valid on U). Therefore, H^ 1 is compact on A 2 (H) while is not compact on 

A 2 (IZ). 

In the following examples we show that boundedness and pseudoconvexity of 
the domain are necessary in Theorem [T] 

Example 1. This example shows that boundedness of the domain Q is necessary. 
Let us denote D = {z £ C : \z\ < 1},H = D x C,p = (1,0), and <p{z,w) = £(|w|) 
where £ £ Cg°(-l,l) and £(0) = 1. Let / £ A 2 (Q) then 



/ |/(z, w)| 2 c?A(z, w) = \f{z,w)\ 1 dX{w)dX{z) < 



oo. 



Fubini's theorem implies that the set T = {z £ D : J c |/(z,w)| 2 dA(w) = oo} 
has measure zero. Hence f(z,w) = for z £" T and w £ C. This implies that 
A 2 (Q) = {0} and JL, = 0. In particular, H^, is compact. However, since there is an 



analytic disc through p in the boundary of U = O Pi B(p, 1) [ C$09 Theorem 1] (see 
the last sentence in Remark [1]) implies that the operator is not compact on 

A 2 (LZ). 

Example 2. This example shows that pseudoconvexity of the domain is necessary 
(for more information on pseudoconvexity see |KraO 1 1 lRan86] ) . In ]C§[ Celik and 



the author constructed an annulus type domain O C C 3 (that is, O = \ 02 
where O2 C Qi, and Hi and O2 are smooth bounded pseudoconvex domains) 
such that H^p is compact on A 2 (Q) for all <p e C(O). However, they show that there 
exist p e bCl, on the inner boundary of Q, and r > such that U = CinB(p,r) 
is a convex domain and there exists a disc through p in the boundary of U. Hence 
N u is not compact (see |[FS98l Theorem 1.1]). Furthermore, there exists (p G C°°(IT) 
such that is not compact on A 2 (IT) because, on a convex domain V, the Hankel 

operator is compact for all <p £ C°°(V) if and only if N v is compact (see MFS98| ). 



Proof of Theorem Q] and Proposition Q] 

We use the 9-Neumann problem in the proof of Theorem [T] Let G be a bounded 
pseudoconvex domain in C n and D n = 99* + 9*9 be defined on square integrable 
(0, l)-forms, L 2 01 ^(n), where 9* is the Hilbert space adjoint of 9. Kohn HKoh63 1 



and Hormander ||Hor65 | ] showed that (since O is a pseudoconvex domain) □ has 



a solution operator, denoted by N°, on L 2 Q ^ (Q). Kohn ||Koh63l also showed that 
P n = I- 9*N n 9. Therefore, H9{f) = d*N n (fd(p) for / £ A 2 (Q) and <p £ C^O). 
We note that H9(f) is the canonical solution for du = fd<p. That is, tiQ(f) is the 
solution that is orthogonal to A 2 (0) (or equivalently, it is the soluti on wit h the 



smallest norm in L 2 (Q)). We refer the reader to ICSOll IStrlOll and |C§09[ (and 
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references therein) for more information about the 9-Neumann problem and com- 
pactness of Hankel operators on Bergman spaces. 

We use a series of Lemmas for the proof of Theorem[l] We note that the following 
Lemma is an immediate corollary of ||D'A02l Proposition V.2.3] (see also HStrlOl 
Lemma 4.3]). 

Lemma 1. Let T : X — > Y be a linear operator between two Hilbert spaces X and Y. Then 
T is compact if and only if for every e > there exist a compact operator K E : X — >■ Y so 
that 

\\T(h)\\ Y < e\\h\\ x + \\K £ (h)\\ Y for h e X. 

In the proof of Theorem [T] we will need to apply Lemma [T] in the following set- 
up. 

Lemma 2. Let Cl be a bounded pseudoconvex domain in C n , <p (E C 1 (Q), and X*(fi) 
be the closure of {f dtp £ L^ 01 ^(O) : / G A 2 (Q)} in L 2 01 ^(n). Then Hjp is compact on 

A 2 (Q) if and only if for every e > there exists a compact operator K £ : X*(Q) — > L 2 (G) 
such that 

(1) \\d*N a {fd(p)\\ < e\\fd<p\\ + \\K £ (fd(p)\\ for all f e A 2 (Q). 

Proof. Assume that is compact on A 2 (H). Then 9*N n is compact on a dense 
subset of Xq (O) which implies that it is compact on Xrf, (Q) . Then applying Lemma 
[Qwith T = 3*N° and X = X^(n) we get the following estimate: for every e > 
there exists a compact operator K E : X^(O) — > L 2 (H) so that 

\\d*N n (fd(p)\\ < e\\fd(p\\ + \\K E (fd(p)\\ for / e A 2 (Q). 

On the other hand, if we assume that we have ((!]) then Lemma [Qimplies that 3*N° 
is a compact operator on X^(O). Hence, is compact on A 2 (Q). This completes 
the proof of Lemma |2] □ 

The following famous theorem of Hormander ||Hor90l Theorem 4.4.2] will be 
used. 

Theorem (Hormander). Let Clbe a pseudoconvex domain in C" and xpbe a continuous 
plurisubharmonic function on Q. Assume that u = YJj=\ UjdZj e L 2 01 ^(n,e~^) such 

that du = 0. Then there exists f € L 2 (Q, e~^) such that df = u and 

where z = {z\, ...,z n ) G C n . 

We include the following standard Lemma and its proof for convenience of the 
reader. 
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Lemma 3. Let Cibea bounded pseudoconvex domain in C n , B(p,r) be the ball centered at 
p e bd with radius r, and Cl(p,r) = B(p,r) n O. For e > and < 5 < r there exists 
a bounded operator E e j : A 2 (Q(p,r)) — > A 2 (Q) such that 

11/ - E e,5(f)\\LZ(Cl(p,r-5)) < 4f\\ L 2(Cl(p,r-S))f or f € A 2 (Q(p,r)). 

The following proof will use Hormander 's Theorem in a similar fashion as in the 
proof of [ Jup03| Theorem VI.3] where Jupiter shows that a pseudoconvex domain 
in C M is a Runge domain if and only if it is polynomially convex. 

Proof of Lemma\3\ The crucial step in the proof is constructing a sequence of weight 
functions that will allow us to get the desired norm estimates. To that end, let us 
choose positive numbers 5,r\, and ri so that < r — 5 = r\ < rj_ < r and define a 
function i{> as 



ip(z) 



7=1 



where z = [z\,. . .,z n ) G C n . Furthermore, we choose a smooth cut-off function 
X £ C£°(B(p, r)) such that a = 1 in a neighborhood of B^pjj). We note that \p is 
a continuous plurisubharmonic function on C w that satisfies the following crucial 
property: tp(z) < for z 6 B{p,r2) and t/?(z) > for z G C M \ B{p,rj). Since !/) is 
bounded on O, the Hilbert spaces L 2 (H) and L 2 (n,e"^) are equal for all k as sets. 
Then Hormander 's Theorem implies that for every k there exists G L 2 (Q) such 
that dui = fdx with 

2 



(2) / |^(z)|V^ z W(z) < C / |/(z) 

Jn ./n 



E 

7=1 



3z,- 



' k ^d\{2 



where C is a positive real number that depends only on Q. We note that xp < 
—r\ + r\ < on B(p, r\) and tp is strictly positive on a neighborhood of the support 

of the d%. Hence the right hand side of © goes to zero as k goes to infinity and we 
have 



L 



CinB(p,ri) 



\u] c (z)\ 2 dX(z) 



< 



n 



\u k {z)\ 



(3) 



< C 



n 



\f{< 



l e~ k ^dX{z 



E 

7=1 



3z 



- k ^dA(2 



Then depending on e and 5 (and using ©) we can choose C £ ^ > and k so that 



< Q/II/IIl 2 



(H(p,r)) 



Therefore, we 

□ 



ll w fcllL 2 (n( P ,r 1 )) < e ll/llL 2 (n(p,r 1 )) and IKIIl 2 (o) 
can define E £ ^ as E e ,s(f) — Xf ~ u k- 

Now we are ready to prove Theorem [TJ 

Proof of Theorem^ To simplify the notation in this proof we will denote the norm 
II • II L 2 (u) by 11-11 an d the operator , , by H^. We note that (., .) denotes the inner 
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product on U and A < B means that A < cB for some constant c that is indepen- 
dent of the parameters of interest and its value can change at every appearance. 
For / £ A 1 (II) we have 

\\H$(f)\\ 2 ={TN u (W),TN u (fd<p)) 

= (fd(p,N u dd*N u (fd(p)) 

= (fd<p,N u (fd<p)). 

In the last equality above we used the facts that N u (dd* + 9*9) = I and dN u d = 0. 
Now we will construct a smooth bounded function A that has a large Hessian on 
the boundary of the ball B(p,r). Let 7 : 1R —> IR be a smooth, non-decreasing, 
convex function such that -1 < 7(f) < for t < 0,7(0) = 0, and 7 ; (0) > 2. 
Furthermore, let us define 

if n 

Pe(z) = - \-r 2 + £ |zy - 
V 7=1 

for r, e > and i/> e (z) = 7(jO e (z)). Then one can check that i/> £ is a smooth plurisub- 
harmonic function on C n , such that — 1 < ^ e (z) < for z £ B(p,r). Also, by 
continuity, there exists J > such that 




f 9 2 ^ £ (z) _ If 2 
y,fc=l oz 7 oz fc fc ; =i 



for z £ K = B(p,r) \ B(p,r — S) and (w\, . . . w n ) G C n . Then (ii) in UStrlOl Corollary 
2.13] implies that 

- f \h(z)\ 2 dX(z) < V [ e ^^^-h i (z)h(z)dX(z) 
ee Jkhu fi£ x Ju dZjdz k JK 



ee 

(4) < \\dh¥+ \\d'h\ 



for h = Y!j=\hjdZj e Dora(9) n Dom(d ) C L 2 Q1) (U). Let % e C°°(B(p,r)) such 
that # = 1 on a neighborhood of bB(p, r), and # = on B(p, r — S). Then 

\\H$(f) || 2 < I {fi<p,xN u (fd<p)) \ + I </9>, (1 - X )N U (fdcp))\ 

<\\fM\\xN u (fd<l>)\\ + \((1- X )fdcp / N u (fdcp))\. 

Then © implies that 

||*N U (/9>)|| 2 < e (||9N U (/9>)|| 2 + ||3*N u (/9>) || 2 ) 

<£||/H 2 

rvj "II J II 

for / £ A 2 (Ji). Let us denote #1 = 1 — # and choose ^ G Qj°(B(p,r)) such that 
< X < 1 and ^ = 1 on the support of #1. Then Lemma |5] implies that there 
exists abounded operator E e6 : A 2 (U) —} A 2 (fl) such that \\x(RuE Ei g(f) — f)\\ < 
e||/||. Since 5 depends on £ in the following calculation we will use the following 
notation: E e = E £r s,F £ = E e (f). Let M £ denote the norm of the operator E £ . 
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We note that in the following inequalities 9 Q and d denote the Hilbert space 
adjoints of d on O and on U, respectively. A (0, l)-form / is in the domain of d if 
there exists a square integrable function g such that (/, dh) = (g,h) for all h in the 
domain of d. Furthermore, if a (0, l)-form / = YJj=i fjdzj is in the domain of d then 

— * df- 

d f = — Ey=i dz~. in the sense of distributions (see Chapter 4.2 in ilCSOlfl for more 

information). The fact that d*N is a solution operator for 9 (that is, dd*Nf = f if 
/ is a 9-closed form) implies that F £ dtp = d(F £ (p) = 99qN q F £ 9<^. We will use this 
equality as well as the Cauchy-Schwarz inequality to pass from the first line to the 
second line below. 

\{ Xl (fdcp),N U (fdcp))\ < | (Xlif - Fe)<ty, N U (fd(p)) \ + | (XlF e d(p, N U (fd(p))\ 

< \\Xlif - ft) II 11/11 + I (XlddhN n (F £ dcp) f N u (fdcp)) | 

< Wxif-h) II 11/11 + \(dhN n (F e dcp),TxiN U (fd<p))\ 
< £ ||/|| 2 + C £ ||aoN n (F £ ^)|| L2(0) ||/||, 

where C e is a constant that is independent of /. Now we will use the fact that 
is compact on A 2 (0) and ||fe|| L2(n) < ^£|I/IIl 2 (!I)- Lemma |2] implies that for any 
a' > there exists a compact operator K £ / on Xs(Cl) such that 

||anN n (F £ ^)|| L2(n) <e'||F e || L2(n) + ||X £ /n^(F £ )|| L2(n) . 

where IL^ : A 2 (Q) — > X^(O) denotes the (bounded) multiplication operator by 

dip. That is, U^Ji = hd<p for h e A 2 (G). Therefore, for / e A 2 (lf) we have the 
following inequality 

||Hy(/)|| 2 < (c + Vi + e'MeQ) ll/ll 2 + c £ ||/||||K £ ,n^E £ (/)|| L2(n) 

< (e + y/l + e'M £ C £ + e'C e ) ||/|| 2 

+ [^ + v) H^ n a^(/)ll 2 L 2( o)- 

For any < e < 1 there exists e' > so that e + + z'M £ C E < 2-y/i. Then the 
above inequality combined with fact that x 2 + y 2 < (x + y) 2 for x, y > imply 
the following: for any < £ < 1 there exists a compact operator K E = (C £ + 
C £ /e / ) 1/2 ^ £ 'n^E £ such that 

||H^/)|[< e 1/4 ||/|| + ||X e (/)||for/eA 2 (LZ). 

Now Lemma Q] implies that is compact on A 2 (U). □ 

Proof of Proposition^ Since functions that are smooth up to the boundary of O are 
dense in C(O) and the sequence {FT? } converges to in the operator norm 
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whenever {ip n } converges to ip uniformly on O it suffices to prove that is com- 
pact whenever tp G C°°(0). Let us define 



| (£)/(£) 

7i Jn £ - z 



S^(/)(z) = -- L *L. _ dA (0 



for / e A 2 (Q) and zefi. We will show that is compact on A 2 (fl) by showing 
that Sxp is a limit of compact operators (in the operator norm) and S 1 p(f) solves 
du = fdip (because = Sy — P n S(p). To that end, for e > letXe be a smooth cut- 
off function on R such that ^ £ e 1 on a neighborhood of the origin and Xe(t) — 
for \t\ > e. Then S^p = A £ ^ + where 

1 r X £ (|£-z|)§(£)/(£) 

mm = -±f o ^ dm 

1 r (l-* e (|£- Z |))f (£)/(£) 

Then the operator is Hilbert-Schmidt and, in particular, compact because the 
kernel 

(l-X e (l£-z|))f(£) 



is square integrable onQxO. 

Next we will show that A^j, has a small norm. Let / denote the trivial extension 

of /. That is, / = / on Q but / = otherwise. Since || is continuous on O and Q 
is bounded, using polar coordinates, we get 

r-2/r 



Then the Cauchy-Schwarz inequality together with Fubini's theorem yield that 

ll^(/)ll 2 ^ 27re I" I \f{z + re ie )\ 2 d\(z)drde < An 2 e 2 \\f\\ 2 . 
r Jo Jo Jci 

Hence, ||A^|| < e and is a limit (in the operator norm) of a sequence {£>J/ fc } of 
compact operators. 

Next we want to show that dS x p(f) = fdxp. Let {/„} be a sequence of functions 
that are smooth on O and converging to / in L 2 (Q). Then the Cauchy integral with 
remainder formula (see flCSOll Theorem 2.1.2]) shows that dS t p(f n ) = f n dip. On the 
other hand, {dS x p(f n )} converges weakly to dS t p(f) and {fndty} converges to fdxp 
in L 2 (Q). Therefore, 3S^(/) = fdxp for / £ A 2 (Q). □ 
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